Juan Andrés Cabral

Successive, radial, and parabolic limits

Successive or Iterated Limits

This resource involves making the variables tend one at a time in a successive form. These limits are not
limits along paths that pass through the point.

Lio = lim <lim f(m,y)) = lim g(y) if g(y) exists

Y—Yo \T—Zo Yy—Yo

Ly; = lim (lim f(amy)) = lim A(z) if h(z) exists

rT—X0o Yy—Yo T—To

If the successive limits exist, are finite and distinct, I can guarantee the non-existence of the Double
Limit. If they are equal, I cannot determine the existence of the double limit. If one of the successive does
not exist, I cannot conclude about the existence or non-existence of the double limit.

Radial Limit

We approach to (zg,yo) along lines with the equation:
Y — Yo = m(z — o)

z—xozm(y—yo)

Jim o flz,y) or Jm o f(z,y)
y—m(z—z0)+yo z—m(y—yo)+zo

Performing the limit in either of the two forms is indifferent. If the radial limit depends on m, I can
assure the non-existence of the double limit. If it does not depend on m, I cannot assure the existence of
the double limit.

Parabolic Limit
We approach to (zg,yo) along parabolas that pass through the point, with the equation:

Y—Y = a(x—on)Q

r— Ty = b(y—y0)2

Jim o f(ay) or Jm o f(z,y)
y—m(z—z0)+yo z—m(y—yo)+zo

Performing the limit in either of the two forms is indifferent. If the radial limit depends on m, I can
assure the non-existence of the double limit. If it does not depend on m, I cannot assure the existence of
the double limit.
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Conclusion

Let z = f(z,y) be a function, and (z¢,yo) a point. I am interested in the behavior of the function in a
neighborhood of the point (as close as I wish).

im flz,y)=L, LeR
(2,9)=(x0,y0)
If the double limit exists we call it L, with L being a number that belongs to the real numbers, then:
L is equal to the Radial, Parabolic, and Successive (Iterated) limits.

L=L,=L,=Ly, =Ly,

It may happen that L exists, but L., or Ly, ; or that L exists but neither L, nor Ly, exist.

If the double limit exists, then the radial limits and the parabolic limits exist, and all
limits along any path passing through the point are equal to the double limit. Furthermore,
if both successive limits exist and are equal, they are equal to the double limit. If we find
two paths passing through the point along which the limits are different, we can guarantee
the non-existence of the double limit. If the successive limits exist and are distinct, we can
guarantee the non-existence of the double limit.”
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